We review Xia's analytic model for subnormal tuples of operators as well as a matricial decomposition of pure subnormal tuples of Eschmeier and Putinar. Based on these developments we create a matricial construction of pure subnormal tuples of finite type from the Xia unitary invariants. In the process we develop necessary and sufficient conditions for sets of operators {C j 0 , D j 1 } to be the Xia invariants of a subnormal tuple.
Introduction
In [5] Xia developed an analytic model for subnormal tuples of operators similar to the models developed in [3, 4] for the single variable case. In this paper Xia develops a set of unitary invariants for a subnormal n-tuple which he called {Λ j , C k,j } j,k=1,...,n . In the paper he shows that these invariants when taken with the spectrum of the subnormal tuple form a complete unitary invariant.
In [1] Eschmeier and Putinar were able to eliminate the need for the spectrum by studying a matricial model of the tuple. This model cuts the Hilbert space in such a way that the subnormal operator is shown to be unitarily equivalent to an operator represented by a two diagonal matrix.
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In this paper we will study these invariants for subnormal tuples whose defect space, d j =1 [S * j , S j ]H, is finite dimensional which we will call subnormal tuples of finite type. We will show that the matricial model of Eschmeier and Putinar can be constructed from the unitary invariants in this case and we will give necessary and sufficient conditions for operators {Λ j , C k,j } j,k=1,...,n to be invariants of this type.
Xia's analytic model
Let M be a separable Hilbert space. Then let e(·) be a positive semidefinite L(M)-valued measure with compact support γ ⊂ C n such that e(γ ) = I M . If in addition there are operators {Λ j , C k,j } j,k=1,...,n in L(M), which satisfy the following properties:
for |z q | large, and
for every Borel set F ⊂ γ , then we will call e(·) a compressed spectral measure. For each of these compressed spectral measures, we define L 2 (e) to be the Hilbert space of all measurable M-valued functions f satisfying
where f and g are considered the same function if f − g = 0.
Let D be the largest open set of z ∈ C n \ γ such that (1) holds for all j , and let K = C n \ D. Thus we can define the space R 2 (K, e) to be the closure in L 2 (e) of all linear combinations of the functions f (·) = n j =1 (u j − z j ) −1 α with z ∈ D and α ∈ M. For each f ∈ R 2 (K, e) we can define the operator S j as
In the following theorem, we will see that in fact every subnormal tuple is of this type. 
, and 1 m q d, and
and
In the proof of this theorem Xia makes use of a set L(M)-valued analytic functions
Since the majority of the proof of this theorem is primarily computational we will omit the proof here and the reader is referred to [5] for the details.
The Eschmeier and Putinar matricial model
In [1, Section 4], Eschmeier and Putinar prove a decomposition theorem for commuting tuples of operators in order to prove that the set of operators {C kj , Λ j } discussed in the previous section form a complete set of unitary invariants for a pure subnormal tuple. This decomposition resembles the Jacobi matrix decomposition of a self-adjoint matrix.
Much of the following comes directly from [1] and so we will state many of the results without proof.
Let S = (S 1 , . . . , S d ) ∈ L(H) n be a commuting tuple of bounded linear operators on a separable Hilbert space H. Then the space
is the largest reducing subspace for S such that S| H 0 is normal. Similarly, for k ∈ N the spaces
form a decreasing sequence of invariant subspaces for S such that
Then by letting H p = M p−1 M p for p 1, we construct a canonical decomposition of the space H with respect to the tuple S which satisfies the following relations:
In the following we will assume that the tuple S is pure which forces H 0 = 0. Hence, with respect to the decomposition H = ∞ p=1 H p , S j has the following matricial structure for each 1 j d:
Using condition (vi) above one easily obtains that the operators
have dense range for p 1. Also, by definition,
ker S * j , S k .
Thus by taking orthogonal complements we see that 
These properties are able to be used to create the following canonical form of a pure commuting tuple. 
Here the coefficients c j p : J p → J p+1 are determined by the operators c p via the rule
Furthermore, one can achieve that
Proof [1] . Let H = ∞ p=1 H p be the intrinsic decomposition obtained in the comments above. Define
is injective with dense range, there exists a unitary operator
Since the range of the composition 
Note that in this way we obtain a unitary operator
which carries the matricial decomposition of each entry of S into a matrix as in the statement, except for one condition: the mapsC p : J d p → J p need not be positive. To achieve this last requirement, we rotate again the spaces J p with the unitaries coming from the polar decomposition of the operatorsC p and finally obtain the positive operators c p in the statement. ✷ If the underlying Hilbert space of a tuple T has such a decomposition it is said to be in standard form. This definition makes sense since every pure tuple is isomorphic to one in standard form and we see from the following propositions that two tuples are unitarily equivalent if they are isomorphic to unitarily equivalent standard forms. In the case where S is a pure subnormal tuple on H we have that the set {C kj , Λ j } from Xia's analytic model form a complete unitary invariant for the tuple S.
Proposition 3. Let
T = (T 1 , T 2 , . . . , T d ) andT = (T 1 ,T 2 ,
. . . ,T d ) be two commuting tuples in standard form, relative to the decompositions
H = ∞ p=1 J p ,H = ∞ p=1J p ,
respectively. Suppose that there exists a unitary operator
U : J 1 →J 1 such that U T * j J 1 * = T * j J 1 * U and U T * j , T k = T * j ,T k U on J 1 , for all 1 j, k d. Then T andT
Subnormal tuples of finite type
If for a pure subnormal tuple
H is finite then we will call the tuple finite type. In this case we are able to gain some specific results regarding the composition of the tuple using the matrix decomposition from the previous chapter. For instance, we have a new proof of the following generalization of Morrel's theorem which was given in [5] and is a corollary of Corollary 2 in [6] . Another result that can be seen from this matricial structure is a generalization of the work of Putinar in [2] in which we show a construction of a subnormal tuple from the Xia invariants.
Theorem 6. Let
Assume this set of operators also satisfies the condition 
satisfies for large values of |z| and |w|,
.
Proof. The proof is based on a series of determinant identities
Therefore, the operator constructed in Theorem 6 is bounded which brings us to the following theorem where necessary and sufficient conditions are given for a set of operators {C jj , Λ j } d j =1 on a finite dimensional Hilbert space to be a set of Xia invariants for a subnormal tuple. 
Open questions
One of the open questions with regard to this matrix construction has to do with whether or not it is possible to prove the boundedness of the constructed matrix without the use of determinants. This would be useful to find the similar result in the case that the self commutator is not finite rank.
Another area of research in this area is to determine necessary and sufficient conditions on the Xia invariants in order to be related to a subnormal operator. In the single variable case some progress has been made by Yakubovich [7, 8] which involves geometry. It would be nice to simplify this work as well as develop analogous results for the multi-variable case.
